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Abstract
We consider the class of polynomial differential equations ’x ¼ lx  y þ Pnðx; yÞ; ’y ¼
x þ ly þ Qnðx; yÞ; where Pn and Qn are homogeneous polynomials of degree n: These systems
have a focus at the origin if la0; and have either a center or a focus if l ¼ 0: Inside this class
we identify a new subclass of Darbouxian integrable systems having either a focus or a center
at the origin. Additionally, under generic conditions such Darbouxian integrable systems can
have at most one limit cycle, and when it exists is algebraic. For the case n ¼ 2 and 3; we
present new classes of Darbouxian integrable systems having a focus.
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1. Introduction and statement of the results
Three of the main problems in the qualitative theory of real planar differential
systems are the determination of centers, limit cycles and ﬁrst integrals. This paper
deals mainly with the determination of ﬁrst integrals and limit cycles.
As usual a center is a singular point having a neighborhood ﬁlled of periodic orbits
and a focus is a singular point having a neighborhood where all the orbits spiral in
forward or in backward time to it.
In this paper we study the class of real planar polynomial differential systems of
the form
’x ¼ lx  y þ Pnðx; yÞ; ’y ¼ x þ ly þ Qnðx; yÞ; ð1Þ
where Pn and Qn are homogeneous polynomials of degree n: Inside this class we will
characterize a new subclass having either a focus or a center at the origin which is
Darbouxian integrable.
In order to be more precise we need some preliminary notation and results. Thus,
in polar coordinates ðr; yÞ; deﬁned by
x ¼ r cos y; y ¼ r sin y; ð2Þ
system (1) becomes
’r ¼ lr þ f ðyÞrn; ’y ¼ 1þ gðyÞrn1; ð3Þ
where
f ðyÞ ¼ cos yPnðcos y; sin yÞ þ sin yQnðcos y; sin yÞ;
gðyÞ ¼ cos yQnðcos y; sin yÞ  sin yPnðcos y; sin yÞ:
We remark that f and g are homogeneous trigonometric polynomials of degree n þ 1
in the variables cos y and sin y: In the region
R ¼ fðr; yÞ: 1þ gðyÞrn140g
the differential system (3) is equivalent to the differential equation
dr
dy
¼ lr þ f ðyÞr
n
1þ gðyÞrn1: ð4Þ
It is known that the periodic orbits surrounding the origin of system (3) do not
intersect the curve ’y ¼ 0 (see, for instance, the Appendix of [2]). Therefore, these
periodic orbits are contained in the region R; and consequently they also are periodic
orbits of the differential equation (4).
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The transformation ðr; yÞ/ðr; yÞ deﬁned by
r ¼ r
n1
1þ gðyÞrn1 ð5Þ
is a diffeomorphism from the region R into its image. As far as we know the ﬁrst to
use this transformation was Cherkas in [4]. If we write Eq. (4) in the variable r; we
obtain the following Abel differential equation:
dr
dy
¼ðn  1ÞgðyÞ½lgðyÞ  f ðyÞ
r3 þ ½ðn  1Þð f ðyÞ  2lgðyÞÞ  g0ðyÞ
r2 þ ðn  1Þlr
¼AðyÞr3 þ BðyÞr2 þ Cr: ð6Þ
These kinds of differential equations appeared in the studies of Abel on the theory of
elliptic functions. For more details on Abel differential equations, see [5,9,11].
Here we shall consider the Abel differential equation (6) deﬁned on the cylinder
ðr; yÞAR S1; where as usual R denotes the set of real numbers, and S1 denotes the
circle. Of course, only the orbits of the half-cylinder r40 can come from the orbits
of system (1). Note that the origin of system (1) plays the role of the periodic orbit
r ¼ 0 for the Abel differential equation (6).
In short, from [2] we have the following result.
Proposition 1. The function r ¼ rðyÞ is a periodic solution of system (3) surrounding
the origin if and only if rðyÞ ¼ rðyÞn1=ð1þ gðyÞrðyÞn1Þ is a periodic solution of the
Abel differential equation (6).
We shall say that all systems (1) deﬁne the class HN; we use the letters HN for
homogeneous nonlinearities. A system of the class HN belongs to the subclass HNf
if and only if its functions AðyÞ and BðyÞ (deﬁned in (6)) are such that the following
equality holds:
A0ðyÞBðyÞ  AðyÞB0ðyÞ ¼ aBðyÞ3  AðyÞBðyÞC; ð7Þ
for some aAR:
We shall prove that all systems (1) of the subclass HNf have a focus or center at
the origin with a Darbouxian ﬁrst integral.
In [14] it was studied the subclass HN of HN: A system of the class HN belongs
to the subclass HN if and only if l ¼ 0 and the functions AðyÞ and BðyÞ are such
that
(i) either AðyÞ changes of sign, or f ðyÞ  0; or gðyÞ  0 and R 2p
0
f ðyÞ dy ¼ 0;
(ii) either BðyÞ=gcdfAðyÞ; BðyÞg does not vanish, or BðyÞ  0; and
(iii) for some aAR the equality A0ðyÞBðyÞ  AðyÞB0ðyÞ ¼ aBðyÞ3 holds.
In [14] it was also proved that all systems (1) of the subclass HN have a center at
the origin. Since C ¼ ðn  1Þl; it is easy to see that all systems (1) of the subclass
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HN belongs to the subclass HNf : In a previous paper [13], the authors of [14]
considered three subfamilies in HN and it was also studied the limit cycles that
bifurcate from the periodic orbits of these centers.
We must mention that we have found the subclass HNf thanks to cases (a), (b), (c)
and (d) of Abel differential equations studied in Kamke [11, pp. 24,25].
A function of the form f l11 yf
lp
p expðh=gÞ; where fi; g and h are polynomials in
C½x; y
 and the li’s are complex numbers, is called a Darbouxian function. System (1)
is called Darbouxian integrable if the system has a ﬁrst integral or an integrating
factor which is a Darbouxian function ( for a deﬁnition of a ﬁrst integral and of an
integrating factor, see for instance [3,7]). Our three main results are the following two
theorems and two corollaries.
Theorem 2. The following statements hold.
(a) Systems (1) in the class HNf with la0 and AðyÞBðyÞa0 have a focus at the origin
with the Darbouxian first integral H˜ðx; yÞ obtained from
Hðr; yÞ ¼
r expðð1nÞlyÞ exp½ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
4a1p arctan½
ð1þ2rAðyÞ=BðyÞÞﬃﬃﬃﬃﬃﬃﬃﬃ
4a1p 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2AðyÞ2=BðyÞ2þrAðyÞ=BðyÞþa
p if a41
4
;
r expðð1nÞlyÞ expð 1
1þ2rAðyÞ=BðyÞÞ
1þ2rAðyÞ=BðyÞ if a ¼ 14;
r expðð1nÞlyÞj ﬃﬃﬃﬃﬃﬃﬃﬃ14ap þ1þ2rAðyÞ=BðyÞj12ð1þ 1ﬃﬃﬃﬃﬃﬃﬃﬃ14ap Þ
j ﬃﬃﬃﬃﬃﬃﬃﬃ14ap 12rAðyÞ=BðyÞj12ð1þ 1ﬃﬃﬃﬃﬃﬃﬃﬃ14ap Þ if ao
1
4
; aa0;
expðð1nÞlyÞBðyÞ
AðyÞ if a ¼ 0;
8>>>>>>><
>>>>>>>:
through the changes of variables (2) and (5).
(b) Systems (1) in the class HNf with la0 and a ¼ AðyÞBðyÞ ¼ 0 have a focus at the
origin with the first integral H˜ðx; yÞ obtained from
Hðr; yÞ ¼
1
r expððn  1ÞlyÞ þ r
R
expððn  1ÞlyÞBðyÞ dy  if AðyÞ ¼ 0;
1
r2 expð2ðn  1ÞlyÞ þ 2r2
R
expð2ðn  1ÞlyÞAðyÞ dy  if BðyÞ ¼ 0;
(
through the changes of variables (2) and (5). Moreover, these systems are
Darbouxian integrable.
(c) Systems (1) in the class HNf with l ¼ 0 have a center at the origin and the analytic
first integral H˜ðx; yÞ can be obtained from the expressions of Hðr; yÞ in statements
ðaÞ and ðbÞ taking l ¼ 0:
(d) The following systems in the class HNf with l ¼ 0 have a center at the origin and a
rational first integral defined in its neighborhood:
(d.1) The systems with f ðyÞ  0 which implies AðyÞ ¼ 0:
(d.2) The systems with gðyÞ  0 which implies AðyÞ ¼ 0 and R 2p0 f ðyÞ dy ¼ 0:
(d.3) The systems with BðyÞ  0:
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(d.4) The systems whose a (defined in (7)) satisfies ao1=4; aa0 and
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4ap is
rational.
Theorem 2 will be proved in Section 2. Statement (c) appears in [14], here it follows
easily from statements (a) and (b), but it was not known in [14] that these systems
were Darbouxian integrable.
Systems (1) with n ¼ 2 are quadratic systems having a focus or a center at the
origin. Quadratic systems have been studied intensively, there are more than 1000
papers on them, see for instance [17]. In the ﬁrst corollary of the appendix we
compute the class of quadratic systems satisfying statements (a) and (b) of Theorem
2; i.e. we provide new classes of Darbouxian integrable quadratic systems this time
with a focus. As far as we know only one class of Darbouxian integrable quadratic
systems with simultaneously a focus and a center was known until now, see [15,20].
System (1) with n ¼ 3 is a linear center perturbed by cubic homogeneous
polynomials. Following the work of Sibirskii [18], this system with a focus or a center
and with cubic homogeneous nonlinearities may be written through an afﬁne change
of variables and a time rescaling into the form
’x ¼ l1x  y  l2x3 þ l3x2y þ l4xy2 þ l5y3;
’y ¼ x þ l1y þ l6x3 þ l7x2y  l3xy2 þ l8y3; ð8Þ
where li are arbitrary constants for i ¼ 1;y; 8: In the second corollary of the
appendix we provide new classes of Darbouxian integrable systems (8) having either
a focus or a center at the origin.
A limit cycle of system (1) is a periodic orbit of this system isolated in the set its
periodic orbits, see [21] for more details. We say that a limit cycle g is algebraic if it is
contained in an algebraic curve.
Theorem 3. If systems (1) in the class HNf with la0 and AðyÞBðyÞa0 have limit
cycles, then they are algebraic. Moreover, such systems can have at most one limit
cycle, and there are systems with 0 or 1 limit cycle.
We remark that in the proof of Theorem 3 in Section 3 we will provide the explicit
expression of the algebraic limit cycle.
2. Proof of Theorem 2
In this section we prove the four statements of Theorem 2.
Proof of Theorem 2(a). Following the case (d) of Abel differential equation studied
in [11, p. 25], we do the change of variables ðr; yÞ-ðZ; xÞ deﬁned by r ¼ uðyÞZðxÞ;
where uðyÞ ¼ expðR C dyÞ and x ¼ R uðyÞBðyÞ dy: This transformation writes the
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Abel differential equation (6) into the form
Z0ðxÞ ¼ gðxÞ½ZðxÞ
3 þ ½ZðxÞ
2; ð9Þ
where gðxÞ ¼ uðyÞAðyÞ=BðyÞ and 0 ¼ d=dx: As C ¼ ðn  1Þl we have that uðyÞ ¼
expððn  1ÞlyÞ and therefore x ¼ R expððn  1ÞlyÞBðyÞ dy and gðxÞ ¼ expððn  1Þ
lyÞAðyÞ=BðyÞ:
Doing the change x-t in the independent variable deﬁned by x0 ¼ 1=ðtZðxÞÞ;
where now 0 ¼ d=dt; Eq. (9) takes the form
t2x00ðtÞ þ gðxðtÞÞ ¼ 0: ð10Þ
This nonlinear ordinary differential equation, in the particular case that gðxÞ ¼ ax; is
an Euler differential equation. Then, doing the change t-t of the independent
variable given by t ¼ expðtÞ; Eq. (10) becomes the linear ordinary differential
equation with constant coefﬁcients
x00ðtÞ  x0ðtÞ þ axðtÞ ¼ 0; ð11Þ
where here 0 ¼ d=dt: Eq. (11) has the characteristic equation k2  k þ a ¼ 0;
therefore its general solution is xðtÞ ¼ C1 expðt=2Þ þ C2t expðt=2Þ if a ¼ 1=4; and
xðtÞ ¼ C1 expðk1tÞ þ C2 expðk2tÞ if aa1=4; where k1 and k2 are the roots of the
characteristic equation. Going back to the independent variable t ¼ expðtÞ the
solution of the Euler differential equation is xðtÞ ¼ C1
ﬃﬃ
t
p þ C2
ﬃﬃ
t
p
ln t if a ¼ 1=4; and
xðtÞ ¼ C1tk1 þ C2tk2 if aa1=4: Note that gðxÞ ¼ ax means expððn  1ÞlyÞAðyÞ=
BðyÞ ¼ a R expððn  1ÞlyÞBðyÞ dy; or equivalently derivating respect to y we get
d
dy
AðyÞ
BðyÞ

 
¼ aBðyÞ  AðyÞC
BðyÞ ; ð12Þ
which is equivalent to condition (7). Finally, going back through the change of
variables to the variables ðr; yÞ and taking into account if the roots k1 and k2 are real
or complex, we obtain the ﬁrst integrals of statement (a) according to the values of a:
Now, we are going to prove that systems of statement (a) are Darbouxian
integrable. To see this we are going to prove that all the terms that appear in the ﬁrst
integral of those systems are of the form f l11 yf
lp
p with fi a polynomial and li a
complex number. First, the term expðð1 nÞlyÞ; takes the form
expðð1 nÞlyÞ ¼ expðð1 nÞl arctanðy=xÞÞ ¼ ðx þ iyÞiðn1Þl=2ðx  iyÞiðn1Þl=2:
We recall that for fAC½x; y
; if f ¼ 0 is an invariant algebraic curve of a real
polynomial differential system, then its complex conjugate %f ¼ 0 is also an invariant
algebraic curve, see for instance [7]. Therefore, if among the invariant algebraic
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curves of system (1) a complex conjugate pair f ¼ 0 and %f ¼ 0 occurs, then the ﬁrst
integral has a factor of the form f m %f %m; which is the (multi-valued) real function
½ðRe f Þ2 þ ðIm f Þ2
Rem exp 2 Imm arctan Im f
Re f

 
 
:
On the other hand, writing r ¼ rnþ1=ðr2 þ gðyÞrnþ1Þ; it follows that
F ¼ BðyÞ þ 2rAðyÞ
BðyÞ ¼
rnþ1½ðr2 þ gðyÞrnþ1ÞBðyÞ þ 2rnþ1AðyÞ

ðr2 þ gðyÞrnþ1Þrnþ1BðyÞ
is a rational function in cartesian coordinates because gðyÞ; AðyÞ and BðyÞ are
homogeneous trigonometric polynomials of degree n þ 1; 2ðn þ 1Þ and n þ 1;
respectively. Hence, taking into account these relations the ﬁrst integral for
a41=4 is given by the Darbouxian function
Hðr; yÞ ¼ r expðð1 nÞlyÞf m %f %m;
where f ¼ Re f þ i Im f ¼ F þ i ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4a  1p and m ¼ Remþ i Imm ¼ 1=2þ i 1=
ð2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4a  1p Þ: The ﬁrst integral for a ¼ 1=4 is the Darbouxian function
Hðr; yÞ ¼ r expðð1 nÞlyÞ expð1=FÞ=F :
The ﬁrst integral for ao1=4 and aa0 is the Darbouxian function
Hðr; yÞ ¼ r expðð1 nÞlyÞj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4a
p
þ F jm1 j
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4a
p
 F jm2 ;
where m1 ¼ ð1þ 1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4ap Þ=2 and m2 ¼ ð1þ 1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4ap Þ=2: Finally, the ﬁrst
integral for a ¼ 0 is the Darbouxian function
Hðr; yÞ ¼ expðð1 nÞlyÞAðyÞr
2ðnþ1Þ
rnþ1BðyÞrnþ1 ;
and this completes the proof of statement (a). &
Proof of Theorem 2(b). If AðyÞ  0 or BðyÞ  0; the Abel differential equation (6) is
the Bernoulli differential equation dr=dy ¼ BðyÞr2 þ Cr; or dr=dy ¼ AðyÞr3 þ Cr;
respectively. Solving these Bernoulli equations we obtain the ﬁrst integrals of
statement (b).
Systems of statement (b) are Darbouxian integrable because their ﬁrst integrals are
obtained by integrating elementary functions, see for more details [19]. Concretely,
these systems have a Darbouxian ﬁrst integral taking into account that the integrals
that appear in the ﬁrst integrals of statement (b) can be computed using recurrent
formulas, see for instance [16, p. 149]. &
ARTICLE IN PRESS
J. Gin!e, J. Llibre / J. Differential Equations 197 (2004) 147–161 153
Proof of Theorem 2(c). The proof follows easily taking l ¼ 0 in statements (a)
and (b). &
Proof of Theorem 2(d). If f ðyÞ  0 then we have that system (3) with l ¼ 0 has ’r ¼ 0
and therefore it has the polynomial ﬁrst integral H ¼ x2 þ y2: So statement (d.1)
follows.
If gðyÞ  0; from the Abel differential equation (6) it is easy to obtain that
Hðr; yÞ ¼ 1=rþ ðn  1Þ R f ðyÞ dy is a ﬁrst integral. Taking into account thatR 2p
0 f ðyÞ dy ¼ 0 and going back to the cartesian variables, we obtain a rational
ﬁrst integral and statement (d.2) follows.
If BðyÞ  0; again from the Abel differential equation (6) it is easy to obtain that
Hðr; yÞ ¼ 1=r2  gðyÞ2 is a ﬁrst integral. Going back to the cartesian variables we
obtain a rational ﬁrst integral, and statement (d.3) follows.
Finally, from the expression of the ﬁrst integral Hðr; yÞ for ao1=4 and aa0 withﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4ap rational, we have H2ðr; yÞ ¼ r2j ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 4ap þ F j2m1 j ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 4ap  F j2m2 ; and a
convenient power of it gives a rational ﬁrst integral. So, it follows statement
(d.4). &
Now we study if it is possible to ﬁnd other integrable cases from the well-known
integrable cases of the Abel differential equation. Following the case (a) of Abel
differential equation studied in [11, p. 24], ﬁrst we do the change of variables
ðr; yÞ-ðZ; xÞ deﬁned by r ¼ wðyÞZðxÞ  BðyÞ=ð3AðyÞÞ; where wðyÞ ¼ exp½R ½C 
B2ðyÞ=ð3AðyÞÞ
 dy
 and x ¼ R AðyÞw2ðyÞ dy: This transformation writes the Abel
equation into the normal form
Z0ðxÞ ¼ ½ZðxÞ
3 þ IðyÞ; ð13Þ
where
IðyÞ ¼ 1
AðyÞw3ðyÞ
d
dy
BðyÞ
3AðyÞ

 
 CBðyÞ
3AðyÞ þ
2B3ðyÞ
27A2ðyÞ
 
:
From the deﬁnition of wðyÞ we have
ln jwðyÞj ¼
Z
C  BðyÞ
2
3AðyÞ
" #
dy ¼
Z
BðyÞ
AðyÞ
CAðyÞ
BðyÞ 
BðyÞ
3
 
dy: ð14Þ
Since aa0; using (7) or equivalently (12) in (14) and taking into account that
C ¼ ðn  1Þl; we obtain
 1
3a
Z d
dyðAðyÞBðyÞÞ
AðyÞ
BðyÞ
dyþ 1 1
3a

 Z
C dy ¼  1
3a
ln
AðyÞ
BðyÞ

þ 1 13a

 
ðn  1Þly:
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And using this result wðyÞ ¼ jAðyÞ=BðyÞj1=3a expððn  1Þð1 1=ð3aÞÞlyÞ and there-
fore IðyÞ becomes
IðyÞ ¼ 2 9a
27
 
AðyÞ
BðyÞ

 ð13aÞ=a
expððn  1Þð1 3aÞly=aÞ: ð15Þ
It is easy to see that for a ¼ 2=9 and for a ¼ 1=3 we have IðyÞ ¼ 0 and IðyÞ ¼
1=27; respectively. For these two cases, the differential equation (13) is of separable
variables and we can obtain the associated ﬁrst integrals. But IðyÞ ¼ 0 and IðyÞ ¼
1=27 implies that equality (7) holds with a ¼ 2=9 and for a ¼ 1=3; respectively. So
we obtain cases already studied. New cases of integrability would be able to appear
for IðyÞa0;1=27:
We must mention that cases (b) and (c) of Abel differential equation studied in [11,
p. 25] provide again the case studied for a ¼ 2=9:
3. Algebraic limit cycles with Darbouxian ﬁrst integral
In the next proposition we present probably the easiest example of a polynomial
differential system which has a Darbouxian ﬁrst integral and an algebraic limit cycle.
Different examples of this kind were given by Dolov [8], Kooij and Christopher [12],
and Christopher [6].
Proposition 4. The differential system
x0 ¼ x  y  xðx2 þ y2Þ; y0 ¼ x þ y  yðx2 þ y2Þ ð16Þ
has the algebraic solution x2 þ y2  1 ¼ 0 as a limit cycle. In polar coordinates (2) the
function Hðr; yÞ ¼ ðr2  1Þ expð2yÞ=r2 ¼ C is a Darbouxian first integral defined on
R2\S where S ¼ ðfð0; 0Þg,fðx; yÞ: x2 þ y2  1 ¼ 0g: We remark that H is not
continuous on S:
Proof. See [3]. &
System (16) is of the class HNf with a ¼ 0:
In order to study the existence and non-existence of the limit cycles of system (1)
we shall need the following result.
Theorem 5. Let ðP; QÞ be a C1 vector field defined in the open subset U of R2: Let
V ¼ Vðx; yÞ be a C1 solution of the linear partial differential equation
P
@V
@x
þ Q @V
@y
¼ @P
@x
þ @Q
@y

 
V ;
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deﬁned in U : If g is a limit cycle of ðP; QÞ contained in U ; then g is contained in
fðx; yÞAU : Vðx; yÞ ¼ 0g:
Proof. See Theorem 9 of [10]. &
We note that under the assumptions of Theorem 5 the function 1=V is an
integrating factor in U\fVðx; yÞ ¼ 0g: Again for more details, see [3,7]. So, the
function V is called an inverse integrating factor.
Proof of Theorem 3. For systems (1) in the class HNf with la0 and AðyÞBðyÞa0; it
is easy to check that an inverse integrating factor of its associated Abel differential
equation (6) is given by
Vðr; yÞ ¼ rðr2AðyÞ2=BðyÞ2 þ rAðyÞ=BðyÞ þ aÞ:
Notice that V is deﬁned for all ðr; yÞ such that BðyÞa0: By Proposition 1 and
Theorem 5, if system (1) and consequently its associated Abel equation (6) have limit
cycles, those of the Abel equation must be contained into the set fVðr; yÞ ¼ 0g:
From the expression of the inverse integrating factor, the unique possible limit
cycles must be given by
rðyÞ ¼
ð17 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 4ap ÞBðyÞ
2AðyÞ if ao
1
4
;
 BðyÞ
2AðyÞ if a ¼
1
4
:
8>><
>>:
In order that these expressions of rðyÞ deﬁne limit cycles, we must have that rðyÞ is
deﬁned for all y and that rðyÞ40 for all y: So, since AðyÞ and BðyÞ are homogeneous
trigonometric polynomials of degree 2ðn þ 1Þ and ðn þ 1Þ; respectively, we conclude
that n must be odd and ap1=4:
Clearly our class of systems (1) have no limit cycles if n is even, or if a41=4: They
can have one limit cycle if a ¼ 1=4; thus for instance system ( j) for k ¼ 0 in Corollary
A.2 has exactly one limit cycle given by the circle 1 2ðx2 þ y2Þ ¼ 0: Moreover,
Proposition 4 provides another example of a system of class HNf having exactly one
algebraic limit cycle.
In order to end the proof of Theorem 3(a) we must show that never the two
expressions rðyÞ ¼ ð17 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 4ap ÞBðyÞ=ð2AðyÞÞ provide two algebraic limit cycles.
If we pass these two solutions of the Abel equation (6), to polar coordinates ðr; yÞ we
get
rðyÞ ¼ 2
1
1þn  a BðyÞ
AðyÞ7 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 4ap AðyÞ þ 2aBðyÞgðyÞ
 ! ! 11þn
:
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The product of the two denominators of this expression is zero if and only if rðyÞ ¼
1=gðyÞ is a solution of the Abel equation (4), see for more details the expression of
the function Vðr; yÞ: It is easy to check, by direct substitution, that rðyÞ ¼ 1=gðyÞ is a
solution of the Abel equation (6). Therefore, the proof of Theorem 3(a) is
completed. &
We note that the solution rðyÞ ¼ 1=gðyÞ of the Abel equation (6) corresponds to
the inﬁnity of system (1) in its Poincare´ compactiﬁcation.
Appendix
Following the work of Bautin [1], a quadratic system with a focus or a center may
be written through an afﬁne change of variables and a time rescaling into the form
’x ¼ l1x  y  l3x2 þ ð2l2 þ l5Þxy þ l6y2;
’y ¼ x þ l1y þ l2x2 þ ð2l3 þ l4Þxy  l2y2; ðA:1Þ
where li are arbitrary constants for i ¼ 1;y; 6: We work with this normal form for
the quadratic systems because this form is one or the most used for studying the
center problem for the quadratic systems, and using it the conditions for a center
take a very simple form.
Corollary A.1. Quadratic system (A.1) with l1a0 belong to the class HNf if one of the
following statements holds
(a) l2 ¼ l5 ¼ 0; l4 ¼ 4l3; l6 ¼ l3; a ¼ ð1þ l21Þ=ð4l21Þ: Then, (A.1) has the Dar-
bouxian first integral
Hðx; yÞ ¼
ðx2 þ y2Þ exp½2l1 arctan½l1xþyl3ðx
2þy2Þ
xl1y 


1þ l21  2l1l3x  2l3y þ l23ðx2 þ y2Þ
:
(b) l2 ¼ l5 ¼ 0; l4 ¼ 2l3; l6 ¼ l3; a ¼ 1=4: Then, (A.1) has the Darbouxian
first integral
Hðx; yÞ ¼ ðx2 þ y2Þ exp 2 1þ l3y  l1 arctan y
x
h i h i
:
(c) l2 ¼ l5 ¼ l6 ¼ 0; l4 ¼ 3l3; a ¼ 0: Then, (A.1) has the Darbouxian first
integral
Hðx; yÞ ¼ ðx
2 þ y2Þ exp½2l1 arctan½yx


ð1 l21 þ l1l3x þ l3yÞ2
:
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(d) l3¼l1l2; l4¼2l1l2; l5¼4l2; l6 ¼ l1l2; a ¼ ð1þ l21Þðl21  1Þ=ð4l1Þ: Then,
(A.1) has the Darbouxian first integral
Hðx; yÞ ¼
ðx2 þ y2Þ exp½2l1 arctan½xy


ð1þ l21  2l2x  2l1l2yÞ1l
2
1
:
(e) l3¼l1l2=3; l4¼4l1l2=3; l5¼4l2; l6¼l1l2=3; a ¼ ð1þ l21Þ=ð4l21Þ: Then,
(A.1) has the Darbouxian first integral
Hðx; yÞ ¼
ðx2 þ y2Þ exp½2l1 arctan½3l1xþ3yþl1l2ðx
2þy2Þ
3ðxl1yþl2ðx2þy2ÞÞ 


9þ 9l21 þ 6l2ð3þ l21Þx  12l1l2y þ l22ð9þ l21Þðx2 þ y2Þ
:
( f) l3 ¼ ð3þ l21Þl2=ð2l1Þ; l4 ¼ 3ð1þ l21Þl2=ð2l1Þ; l5 ¼ 4l2; l6 ¼ 3l2=l1; a ¼
2=9: Then, (A.1) has the Darbouxian first integral
Hðx; yÞ ¼ ðx2 þ y2Þ exp 2l1 arctan yx
  ð2l1 þ l1l2x  3l2yÞ2:
(g) l3 ¼ l1l2=2; l4 ¼ 2l1l2; l5 ¼ 4l2; l6 ¼ l1l2=2; a ¼ ð1þ l21Þ=ð4l21Þ:
Then, (A.1) has the Darbouxian first integral
Hðx; yÞ ¼
ðx2 þ y2Þ exp½2l1 arctan½2l1xþ2yþl1l2ðx
2þy2Þ
2ðxl1yþl2ðx2þy2ÞÞ 


4þ 4l21 þ 4l2ð2þ l21Þx  4l1l2y þ l22ð4þ l21Þðx2 þ y2Þ
:
(h) l3 ¼ 2ð1þ l21Þl2=ð3l1Þ; l4 ¼ 2l1l2; l5 ¼ 4l2; l6 ¼ 2l2=l1; a ¼ 3=16: Then,
(A.1) has the Darbouxian first integral
Hðx; yÞ ¼ ðx2 þ y2Þ exp 2l1 arctan y
x
h ih i
ð3l1 þ 2l1l2x  4l2yÞ:
Consequently, for l1a0 these quadratic systems have a focus at the origin and are
Darbouxian integrable.
The proof of Corollary A.1 follows doing tedious computations using statements
(a) and (b) of Theorem 2 when n ¼ 2:
Corollary A.2. System (8) with l1a0 belong to the class HNf if one of the following
statements holds
(a) l2 ¼ l3 ¼ l5 ¼ l6 ¼ l7 ¼ 0; l4 ¼ l8; a ¼ 0: Then, (8) has the Darbouxian first
integral
Hðx; yÞ ¼ ðx
2 þ y2Þ exp½2l1 arctan½yx


2l1 þ 2l31 þ l8x2  2l1l8xy þ l8ð1þ 2l21Þy2
:
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(b) l2 ¼ 3l3=ð4l1Þ; l4 ¼ ð9l3 þ 16l21l3Þ=ð4l1Þ; l5 ¼ 2l3; l6 ¼ 0; l7 ¼ 9l3=
ð4l1Þ; l8 ¼ ð3l3 þ 16l21l3Þ=ð4l1Þ: Then, (8) has the Darbouxian first integral
Hðx; yÞ ¼ ðx
2 þ y2Þ2 exp½4l1 arctan½yx


ðl1 þ 3l3xy  4l1l23y2Þ
:
(c) l2 ¼ l8; l3 ¼ 0; l4 ¼ 3l8; l5 ¼ l6 ¼ 0; l7 ¼ 3l8; a ¼ ð1þ l21Þ=ð4l21Þ:
Then, (8) has the Darbouxian first integral
Hðx; yÞ ¼
ðx2 þ y2Þ2 exp½2l1 arctan½l1x
22xyþl1y2þl8ðx2þy2Þ2
x22l1xyy2 


1þ l21  2l1l8x2  4l8xy þ 2l1l8y2 þ l8ðx2 þ y2Þ2
:
(d) l3¼l1l2=3; l4¼2l21l2=3; l5¼2l1l2=3; l6 ¼ l7 ¼ 0; l8 ¼ l2ð3þ 2l21Þ=
3; a ¼ 2=9: Then, (8) has the Darbouxian first integral
Hðx; yÞ ¼ ðx
2 þ y2Þ2 exp½2l1 arctan½yx


ð3þ 3l2xy  2l1l2y2Þ2
:
(e) l2 ¼ 3l7; l3 ¼ 4l1l7=5; l4 ¼ ð5þ 16l21Þl7=5; l5 ¼ 8l1l7=5; l6 ¼ 0; l8 ¼
ð15þ 16l21Þl7=5; a ¼ 3=16: Then, (8) has the Darbouxian first integral
Hðx; yÞ ¼ ðx
2 þ y2Þ2 exp½4l1 arctan½yx


ð5þ 4l7yð5x  4l1yÞÞ3
:
( f) l2 ¼ l7; l3 ¼ 0; l4 ¼ l8; l5 ¼ l6 ¼ 0; a ¼ 0: Then, (8) has the Darbouxian first
integral
Hðx; yÞ ¼ ðx
2 þ y2Þ exp½2l1 arctan½yx


2l1 þ 2l31 þ 2l1ðl7  l8Þxy þ ðl7 þ l8Þðx2 þ y2Þ þ 2l21ðl7x2 þ l8y2Þ
:
(g) l3 ¼l1ðl22  l27Þ=ð3l2 þ l7Þ; l4 ¼ ð2l21ðl2 þ 2l7Þ2 þ l7ð3l2 þ l7ÞÞ=ð3l2 þ l7Þ;
l5 ¼ 2l1ðl22  l27Þ=ð3l2 þ l7Þ; l6 ¼ 0; l8 ¼ ðl22ð3þ 2l21Þ þ 2l21l27 þ l2l7ð1þ
4l21ÞÞ=ð3l2 þ l7Þ; a ¼ 2l2ðl2  l7Þ=ð3l2  l7Þ2: Then, (8) has the Darbouxian
first integral
Hðx; yÞ ¼ ðx
2 þ y2Þ exp½2l1 arctan½yx


½ð3l2 þ l7Þð1þ ðl2 þ l7ÞxyÞ  2l1ðl2 þ l7Þ2y2

2l2
l2þl7
:
(h) l2 ¼ l1l6; l3 ¼ ð3þ 4l21Þl6=3; l4 ¼ l1ð15þ 16l21Þl6=3; l5 ¼ ð3þ 8l21Þl6=3;
l7 ¼ l1l6; l8 ¼ l1ð9þ 16l21Þl6=3: Then, (8) has the Darbouxian first
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integral
Hðx; yÞ ¼ ðx
2 þ y2Þ2 exp½4l1 arctan½yx


3þ 2l6ð3x2  6l1xy þ ð3þ 8l21Þy2Þ
:
(i) l2 ¼ l7 ¼ l1l6=2; l4 ¼ l8 ¼ l1ð2l3 þ l6Þ=2; l5 ¼ 2l3 þ l6; a ¼ 2=9: Then,
(8) has the Darbouxian first integral
Hðx; yÞ ¼
ðx2 þ y2Þ exp½2l1 arctan½l1xþyl3ðx
2þy2Þ
xl1y 


1þ l21  2l1l3x  2l3y þ l23ðx2 þ y2Þ
:
( j) l2¼l4¼l7¼l8 ¼ l1l5ðkl5  2Þ=ðkl5  1Þ; l3¼l5; l6¼l5; a ¼ ð1 kl5Þ=l25:
Then, (8) has the Darbouxian first integral
Hðx; yÞ ¼ ðx
2 þ y2Þ exp½2l1 arctan½yx


ð1 kl5 þ l5ðkl5  2Þðx2 þ y2ÞÞ
1
kl52
:
Consequently, for l1a0 these cubic systems have a focus at the origin and are
Darbouxian integrable.
The proof of Corollary A.2 follows doing tedious computations using statements
(a) and (b) of Theorem 2 when n ¼ 3:
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